Best possible lower and upper bounds for the determinant of the sum of two hermitian matrices in terms of the eigenvalues of both matrices are obtained.
It is the main purpose of this note to prove the following Theorem.
Let A and B be hermitian nXn matrices with eigenvalues In particular, if a, +ßn ^ 0 (which is certainly true if both A and B are positive semidefinite) then (2) ft ( These estimates are best possible in terms of the eigenvalues of A and B.
Proof. Let us first prove the Lemma. Let P and Q be complex nXn matrices, det P^O. Then for any complex e sufficiently small in modulus, (3) det(P + tQ) = det P(l + « tr QP~l) + 0(e2).
Remark. As usual, tr Z means the trace, 22 z»> of the square matrix Z = (z,k). We shall often use the formula (4) tr AB =trBA. which is, for sufficiently small e in modulus, less than det Co by (9) and (10).
This contradiction proves (8). By (5) and (6), Bi(A0 + Pi) = (Ao+Bi)Bi or AoBi = BiAo.
Since A 0 is diagonal with distinct diagonal entries, Pi is easily seen to be diagonal as well. It follows that for some permutation P0, 5i = diag{/3p0i, ßPti2, ■ ■ ■ , ßPon} so that by (7), IL («í+ftv) det(^4 -f-B), and the left-hand side is clearly equal to minpIL (cti+ßpi).
Let us now show that the result is still valid if det C0 = 0 and/or if we drop the assumption that the eigenvalues cti, ■ • • , an of A are mutually distinct. The dependence of det Co on A is easily seen to be continuous with no local extreme points. Hence we can construct a sequence \Ak} of hermitian matrices with distinct roots converging to A and such that the corresponding matrices Cok from (6) are all nonsingular. The eigenvalues a« = 0*2= • • • =«>." of Ak will then converge, ak]-*aj,j = l, ■ • • , n, so that the left inequality in (1) will be satisfied also for the limit.
The proof of the right inequality in (1) is similar; the sign of e will then be chosen the same as the sign of the matrix for which the maximum is attained.
The inequalities (2) Let us add some remarks. First, the inequalities in (1) and the left inequality in (2) can be generalized to the case of more than two hermitian matrices. In particular, it follows that for any x real To show this, we can assume i = n -l,j = n and Pi(n -1) <Pi(m).
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